Abstract: Epidemiologists and other health workers all over the world have noted that vaccination is an effective means of preventing most childhood diseases. In this study a compartmental mathematical model was formulated with the inclusion of the vaccinated class in a bid to examine the dynamics of measles within a population. This new class allowed us to determine the required vaccination coverage and dosage that will guarantee eradication of measles. The model is expressed as a system of ordinary differential equations.
I. INTRODUCTION
Mathematical models have become important tools in analyzing the spread, control and eradication of infectious diseases. Also, mathematical modeling is increasingly becoming a key method in determining effective control policy for a range of epidemic. The classical SIR model of Kermack and McKendrick has formed the foundation for most epidemiological models [1] . Over the years, the study of childhood infections using SIR family of models has yielded many interesting results [2] , [3] , [4] , [5] and the extension of this family of models to include other classes (like passively immune, exposed etc) has helped in understanding the behavior of diseases with more complex dynamics [6] , [7] , [8] . The advantages of simple SIR models were noted by House et al. [9] , but they also noted that as the dynamics of a disease become complex, there is the need for more sophisticated approach. Measles is best known for causing rash and fever in childhood, but can lead to more severe health complications in adults. There are two types of measles, each caused by different viruses. The first type is rubella and the other, rubeola. Measles can cause significant birth defects if an infected pregnant woman passes the virus to her unborn child. It can also lead to pneumonia or inflammation of the brain (encephalitis). Measles are spread through the respiratory route. This means they are contagious through coughing and sneezing. In fact, the measles virus is one of the most contagious viruses known to man. As a result, it can spread rapidly in a susceptible population. Usually, people are immune to the virus (either through vaccination or by having had measles in the past) [10] .
Worldwide, measles vaccination has been very effective, preventing an estimated 80 million cases and 4.5 million deaths annually [11] , [12] . Although global incidence has been significantly reduced through vaccination, measles remains an important public health problem. Since vaccination coverage is not uniformly high worldwide, measles stands as the leading vaccine-preventable killer of children worldwide. Measles is estimated to have caused 1681 deaths daily in 2002, with more than half of these deaths occuring in sub-saharan Africa [13] , [14] . In 2010, measles related deaths dropped to 380 per day, but the number increased to 430 deaths daily in 2011 [15] . It has been advised that the vaccine should be given whether the child is HIV-infected or not [16] . The vaccine is less effective in HIV-infected infants, but the risk of adverse reactions is low. A great advantage of measles vaccination programs is that other intervention programs like distribution of treated nets, vitamin A supplements etc, can be delivered along with it [17] . The World Health Assembly in 1989 and the World Summit for Children in 1990 set goals for measles morbidity and mortality reduction of 90% and 95%, respectively, compared with pre-vaccine levels. Therefore, vaccination against measles with one dose is one of the components of WHO's EPI (World Health Organization's Expanded Programme on Immunization) implemented from the 1980's in most Sub-Sahara African countries. The fundamental characteristic of vaccination is that it reduces the incidence of the disease in those immunized, and the susceptibles. Also, vaccination protects indirectly nonvaccinated susceptibles against infection by producing herd immunity. Measles is a disease that still has the tendency of killing people in developing countries. Eradicating measles is becoming more challenging when compared to some other infectious diseases like small pox. Inability to eradicate measles is partly due to some factors which include but not limited to: high infectiousness of the measles virus, ISSN: 2231-5373 http://www.ijmttjournal.org
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inability to detect infected persons, the timeliness of administration vaccine and how it is delivered, patients resistance to vaccination and treatment, inadequate sensitization about the problems measles can cause etc. It is of importance to examine vaccination scenario using mathematics. Immunization coverage and dosage had been linked in the past so it will be of importance to examine 'what optimum coverage is required to eradicate a disease in a population under certain dosage programme. Proposing proper vaccination strategy (mathematically) that will lead to eradication of measles in a population, is our goal in this study. In addition to the analysis of the mathematical model that will be formulated, a solution to the model using asymptotic expansion method which is a new method of solving epidemiological models will be provided. This method allows us to obtain a near-analytic solution for the model.
II. METHODS AND MATERIALS

A. Model Description
In their article, Scherer et al. [18] proposed a model that considers vaccination as an epidemiology class but did not consider the exposed class. In this study we will follow their approach with inclusion of the exposed class.
In this study we will assume that newborns enter directly into the susceptible class ( ) S t at the rate ( ) N t  that is, all the newborns are assumed to be susceptible. When there is an adequate contact of a susceptible with an infective so that transmission occurs, then the susceptible enters the exposed class ( and natural death will occur to individuals in the infectious class at the rate I  . More so, let  be the average rate for vaccinated individuals to obtain immunity and move to recovered class. A fraction  of the newly born individuals are vaccinated at birth. This vaccination takes in a fraction e of the vaccinated individuals and protects them for an average period of 1  years (proportion of those successively vaccinated at birth). In Nigeria for example, vaccination against measles consists of one dose of standard titer Schwarz vaccine given to infants at 9 months of age. Nevertheless, during epidemics, an early two-dose strategy was always implemented: one dose between 6 and 8 months and the other after 9 months. Before this age, we suppose that children gain protection from the maternal antibodies. Also it is worthy to note that natural death will occur to susceptible individuals and vaccinated individuals at the rate ( ) S t  and ( ) V t  respectively.
B. Model Formulation
Denote the cardinal number of set { , , , , , 
in domain  .
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The definition of the domain is;  
( ( ), ( ), ( ), ( ), ( )) : ( ) ( ) ( ) ( ) ( ) ( ) S t V t E t I t R t R S t V t E t I t R t N t
      
III. RESULTS
A. Model Solution 1) Existence of Solution for the Model:
System (1) can be rewritten in the form:
If we set ( )
     and using the fact that the second term on the right hand side of (2) satisfies
J J L S t S t V t V t E t E t I t I t R t R t
where L (non negative constant) is independent of ( ), ( ), ( ), ( )
S t V t E t I t and ( )
). Now, with the restriction on ( ), ( ), ( ), ( ) and ( ) 0
S t V t E t I t
R t  , we can see that the solution of system (1) exist and W is uniformly Lipschitz continuous.
2) Positivity of Solution:
be the initial data set of system (1) 
then ( ), ( ), ( ), ( ) and ( ) S t V t E t I t R t are non-negative
From the first equation of system (1) we have
this is the same as
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we can see that ( ) 0 S t  . From the second equation of system (1) we have
From the third equation of system (1) we have
on solving the equation we obtain
From the fourth equation of system (1) we have
which will lead to
From (3)- (7), we can see that ( ), ( ), ( ), ( ) and ( )
S t V t E t I t
R t are non-negative 0 t   , which completes the proof of the lemma.
Lemma 2
If N  is set to a recruitment constant A in (1), then the feasible solution set  given as;  
( ), ( ), ( ), ( ), ( ) : ( ) ( ) ( ) ( ) ( ) ( ) A S t V t E t I t R t R S t V t E t I t R t N t
is positively invariant. More so, if ( ) F t is a solution of system (1) with the initial conditions, then ( ) ; ( ) ; ( ) ; ( ) ; ( )
Proof
Since the total population is given as ( ) N t (by definition), then if we sum all the derivatives of the compartments we have; 
3) Solution of the Model:
At this point we wish to solve the model analytically. Some authors have tried to solve various epidemiological models analytically in the past by using Homotopy Analysis Method (HAM). HAM has been noted to be a very good method in solving both weakly and strongly non linear problems. Awawdeh et al. [19] used Homotopy Analysis Method (HAM) to solve a SIR model analytically but it was noted that HAM gives solution in a series form rather than a proper analytic form. Also the time it takes to generate and evaluate the series is a little longer compared to the method we will be proposing.
In this section, we are going to employ the use of asymptotic expansion in solving the model. This will allow us to express our solution in terms of the parameter values.
We consider an asymptotic expansion of the form;
this will lead to the following set of equations;
(1) :
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Solutions of equations (i) to (x) will give us approximate solutions of system (1). We used Maple13 to solve the equations and obtained the following algebraic solution:
t S E t S E e t S I e t t t E tE E t E e e S E I I
where of an infection is the number of cases produced on the average over the course of its infectious period [3] . It is denoted by 0 R , it can be referred to as the average number of secondary infection due to introduction of an infected individual into a disease free population. This is a useful tool because it helps determining whether or not an infectious disease can spread through a population.
From system (1) 
This shows that 0 R for the model is still the average number of secondary infections due to an infective during the infectious period, when everyone in the population is susceptible. Now, the effective reproduction number in the presence of vaccination is;
2) Equilibra and Stability: In this section two types of equilibra will be considered, firstly we are going to study the disease-free equilibrium (which is the equilibrium point when the disease does not exist in the population) and later discuss the endemic equilibrium (which is equilibrium point in the presence of infection in the population).
Disease free equilibrium
The disease free equilibrium   R  which is consistent with other studies, see [3] , [20] .
Endemic equilibrium
At endemic equilibrium point, system (1) becomes:
N t I t S t S t N t V t V t I t S t E t E t I t I t R t V t
solving (15) we have the following endemic equilibrium points;
(1 ) ( ) , ; 0; 0,
and
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where , , , and We can see from (16) 
The disease-free equilibrium is locally asymptotically stable if 0 1 R  and is an unstable hyperbolic equilibrium with a stable manifold outside  and an unstable manifold tangent to a vector into  when 0 1 R  . On using the Lyapunov functional
the disease-free equilibrium can be shown to be globally asymptotically stable in domain  if ˆ1 0 Also, the characteristic polynomial of the Jacobian at the endemic equilibrium is of order five and it can be analyzed to show that the Routh-Hirwitz criteria are satisfied if ˆ1 0 R v  , therefore the endemic equilibrium is locally asymptotically stable. More so, if ˆ1 0 R v  , then the disease-free equilibrium is unstable and the endemic equilibrium is locally asymptotically stable [20] .
C. Immunity 1) Waning immunity:
The mathematical model represented in system (1) was formulated based on the assumption that vaccine-induced protection is life-long, i.e., there is no waning of vaccine-induced immunity. Until the 1990s, this was a universal assumption of mathematical models of vaccination [20] . This assumption was routinely made because for most of the major vaccines against childhood infectious disease, it is approximately correct. Sensitivity of model predictions to this assumption has been studied by some authors, see [18] , [21] for examples. Assuming a waning immunity after vaccination then we have the following vaccine-induced basic reproduction number:
The term
in the equation is the fraction of a lifetime for which an individual is protected by a vaccine that gives immunity that wanes at rate  in a population with fixed death rate . For example in Nigeria the life expectancy is 48 years, then the fixed death rate is approximately 0.02 and therefore a vaccine with immunity that wanes at the same rate is only as good as a vaccine that gives protection that does not wane with 50% of recipients fully protected. A graph showing the relationship between vaccine-induced basic reproduction number and proportion successfully vaccinated is presented in Fig. 1 . We can see from the figure that, as the vaccination coverage increases the basic reproduction number decreases. 2) Herd immunity:Herd immunity otherwise referred to as life-long immunity is the level of immunity in a population which prevents total outbreak of a disease in a society, though some cases may still be recorded. Making similar assumption to that of [22] we have the following scenario; for example in a population with 10 5 newborns and 95% vaccine coverage, this will lead to 950000 individuals will be vaccinated and 50000 unvaccinated. If vaccine efficacy is 85% as estimated in [3] , [22] (for vaccination at 9 months of age and a single dose), we have 807500 immuned and 142500 vaccinated but non-immuned. These will give us 807500 immuned and 192500 susceptibles, and so the percentage of those with herd immunity will be 80.75%. As we know the higher the reproductive number of a disease, the higher the proportion of the population will have to be vaccinated to achieve herd immunity. This was almost the idea followed by WHO's Technical Working Group, when devising strategies to control a full range of diseases. For instance, this procedure has succeeded during the worldwide campaign for smallpox eradication in the 1960s.
D. Measles vaccination dosage
For outbreak of an infectious disease to go into decline, then it is required that each case should generate, on average, less than one other case. As we know epidemics often peak and go into decline as 0 R falls below 1, because the pool of susceptible individuals has been temporarily exhausted. For the trajectory of incidence to remain on a downward course until the agent is eradicated we require that the effective reproductive ratio should remain below 1, even when the number of susceptible ISSN: 2231-5373 http://www.ijmttjournal.org
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individuals is at its maximum. Two measles vaccination dosage strategies will be examined in this section and we shall discuss their theoretical results and their implication on possible eradication of measles.
1) Single dose strategy:
Let 0 R v be the basic reproductive number under vaccination, which is the number of secondary cases caused by one primary case introduced into a population in which a proportion  has been vaccinated. If we have perfect vaccine with life-long protection then
So, to reach the critical proportion c  that will achieve eradication we need the control condition
Using equation (19) and the fact that the 0 R (basic reproduction number of measles) for most countries is 18  , so,
Under a single dose schedule with 85% vaccine efficacy and the fact that critical proportion c  is equal to coverage multiplied by efficacy, then the coverage that will be required for eradication is So for eradication to be achieved under a single dose strategy the whole population of newborns will be required to be vaccinated (which is not feasible in reality) at 9 months.
2) Two-dose strategy: It has been stated by WHO that by 2020 measles must be eradicated in at least five WHO regions and the first core strategy mapped out to achieve this is to maintain high vaccination coverage with two doses of measlescontaining vaccine [17], [15] . It was also noted that in 2011, about 84% of the world's children received one dose of measles vaccine by their first birthday through normal immunization centres. But two doses of measles vaccine are recommended in order to ensure immunity and prevent outbreaks, because about 15% of vaccinated children fail to develop immunity from the first dose [14] , [11] , [12] , [23] . Measles vaccine strategy (schedule) of WHO is that the first dose should be given at 9 or 12 to 15 months and a second opportunity to receive a dose of measles vaccine either through routine 18 months or four to six years or supplemental immunization activities should be provided for all children [10] , [17] . Now, if the proportion that is successfully vaccinated is denoted as  satisfying: Again, using the fact that coverage x efficacy= proportion successfully vaccinated, then we can determine the proportion that will require vaccination under the two-dose strategy to achieve eradication as follows: We can conclude that to eradicate measles, we require only a 77% coverage under a two-dose strategy as compared to 100% coverage under a single-dose strategy.
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IV. CONCLUSION Formulating a model with vaccinated class allowed us to determine the required vaccination coverage and dosage that can lead to eradication of measles in a population. We have also been able to show existence and positivity of the model solution, also we have demonstrated that the reproduction number is a good tool in gaining insight into the dynamics of measles infection under different scenarios including vaccination. We were able to determine the equilibra states (disease-free and endemic) and their stability. Also we were able to show that under vaccination, the reproductive number 0v R will have values lower than one as the proportion successfully vaccinated increases, which is consistent with other studies [24] , [25] , [26] . Lastly we proposed a method of solution to coupled nonlinear system of differential equations in an epidemiological sense.
